Abstract. We show that the universal plane curve M of fixed degree d 3 can be seen as a closed subvariety in a certain Simpson moduli space of 1-dimensional sheaves on P 2 contained in the stable locus. The universal singular locus coincides with the subvariety of M consisting of sheaves that are not locally free on their support. It turns out that the blow up Bl M ′ M may be naturally seen as a compactification of M B = M \ M ′ by vector bundles (on support).
1. Introduction 1.1. Motivation. Simpson showed in [12] that for an arbitrary smooth projective variety X and for an arbitrary numerical polynomial P ∈ Q[m] there is a coarse moduli space M := M P (X) of semi-stable sheaves on X with Hilbert polynomial P , which turns out to be a projective variety.
In general M contains a closed subvariety of sheaves that are not locally free on their support. Its complement M B is then an open dense subset whose points are sheaves that are locally free on their support. So, one could consider M as a compactification of M B . We call the sheaves from the boundary M M B singular. It is an interesting question whether and how one could replace the boundary of singular sheaves by one which consists entirely of vector bundles with varying and possibly reducible supports. This problem for one-dimensional sheaves on a projective plane was dealt with in [5] and [4] . The case of torsion-free sheaves on a surface is considered in [10] .
It is known (see [6] , [3] ) that the universal plane cubic curve may be identified with the fine Simpson moduli space of stable coherent sheaves on P 2 with Hilbert polynomial 3m + 1. In [4] it has been shown that the blowing-up of the universal plane cubic curve along its universal singular locus may be seen as a construction which substitutes the sheaves which are not vector bundles (on their 1-dimensional support) by vector bundles (on support).
1.2.
Main results of the paper. The main aim of this note is to show the following:
• the universal plane curve of fixed degree d 3 can be seen as a closed subvariety of codimension
in the Simpson moduli space of semistable sheaves on P 2 with Hilbert polynomial
contained in the stable locus (Proposition 3.2);
• the blowing up along the universal singular locus can be seen as a process which substitutes the singular sheaves, i.e., those which are not locally free on their support, by vector bundles (on support) (Theorem 5.5). This generalizes the construction presented in [5] , [4] . Moreover, some important details omitted for the sake of brevity in [4] are presented (in bigger generality) here.
1.3. Some notations and conventions. In this paper we use notations and constructions from [4] , in particular k is an algebraically closed field of characteristic zero, we work in the category of separated schemes of finite type over k and call them varieties, using only their closed points. We do not restrict ourselves to reduced or irreducible varieties. Dealing with homomorphism between direct sums of line bundles and identifying them with matrices, we consider the matrices acting on elements from the right, i. e, the composition X
In [4] surfaces D(p) were defined for every point p ∈ P 2 . D(p) consists of two irreducible components D 0 (p) and D 1 (p), D 0 (p) being the blow up of P 2 at p and D 1 (p) being another projective plane, such that these components intersect along the line L(p) which is the exceptional divisor of D 0 (p). Each surface D(p) can be defined as the subvariety in P 2 × P 2 with equations u 0 x 1 , u 0 x 2 , u 1 x 2 −u 2 x 1 where the x i respectively u i are the homogeneous coordinates of the first respectively second P 2 , such that the first projection contracts D 1 (p) to p and describes D 0 (p) as the blow up. As in [4] ,
1.4. Structure of the paper. In Section 2 we describe the universal curve as a quotient of a space of certain injective morphisms between rank 2 vector bundles on P 2 . In Section 3 we show that the universal curve is a subvariety of an appropriate Simpson moduli space. Proposition 3.2 is proved here. In Section 4 we identify the universal singular locus with the subvariety of singular sheaves in M. In Section 5 we prove Theorem 5.5, i. e., we show that the blowing up along the universal singular locus can be seen as a process which substitutes the singular sheaves by vector bundles (on support).
1.5. Acknowledgements. The author thanks Mario Maican for his valuable comments regarding Section 3.
Universal curve as a quotient
Let V be a 3-dimensional vector space over k. Let P 2 = PV be the corresponding projective space. Let S d V be the d-th symmetric power of V . Then P N = P(S d V ) may be seen as the space of plane curves of degree d.
Recall that a curve is identified with its equation up to multiplication by a non-zero constant. Assume that d 3.
Consider the universal plane curve of degree d
This is a smooth projective variety of dimension N + 1 =
Let X be the space of morphisms 2O
with linear independent z 1 and z 2 and with non-zero determinant. Note that we consider matrices acting on the right. Then one sees that X is an open subvariety in the affine variety Hom(2O
) and for A ∈ X we will write
Since all morphism in X are injective, X may be seen as a parameter space of sheaves given by resolutions
Remark 2.1. One can easily see that the Hilbert polynomial of such sheaves is dm +
There is a morphism X ν − → M, (
, where z 1 ∧ z 2 denotes the common zero of z 1 and z 2 .
Lemma 2.2. ν is surjective.
Proof. Let (f, p) ∈ M. Choose two linear independent linear forms z 1 and z 2 such that p = z 1 ∧ z 2 . Since f (p) = 0, one can write f = z 1 q 2 − z 2 q 1 for some forms q 1 and q 2 of degree d − 1. Then (
is a preimage of (f, p). Lemma 2.3. Two matrices A 1 , A 2 ∈ X lie in the same fibre of ν if and only if there exist g ∈ GL 2 (k) and h = λ q
Proof. It is clear that gA 1 h = A 2 implies that both A 1 and A 2 lie in the same fibre of ν. Let us assume that A 1 and A 2 lie in the same fibre of ν. Then in particular p(A 1 ) = p(A 2 ) and multiplying by an appropriate g ∈ GL 2 (k) we may assume that A 1 = (
* and thus multiplying the second column of A 1 by ξ we may assume that ξ = 1. Then
In other words (
This proves the lemma.
Note that the group G = Aut(2O
The last two lemmas show that M is an orbit space of this action.
Lemma 2.4. The stabilizer of an arbitrary element in X coincides with the group
Proof. Let A = (
and suppose g and h satisfy gA = Ah.
z 2 ) = 0. Since z 1 and z 2 are linear independent, one concludes that g = λ · id. Then A = λ −1 Ah and since det A = 0 one concludes that λ = µ and z 1 q = z 2 q = 0. Hence h = λ · id. This completes the proof.
Denote the group G/St by PG. Then PG acts freely on X.
Lemma 2.5. There is a local section of ν.
Proof. It is enough to prove the existence of a section s over M(x 0 , C i ′ j ′ ), i. e., for points ( f , p ) such that p 0 = 0 and C i ′ j ′ = 0. Then one can put p = 1, ξ, η and C i ′ j ′ = 1, and then from the condition f (p) = 0 one concludes that
This proves the required statement.
Using the existence of a local section and Zariski main theorem one shows that X is a principal PG-bundle over M. Hence M is a geometrical quotient. Lemma 2.6. Every morphism of two sheaves with resolution of the type (1) can be uniquely lifted to a morphism of resolutions.
Proof. Follows from Ext
This lemma implies the following.
Proposition 2.7. The points of M are in one-to-one correspondence with the isomorphism classes of sheaves that possess resolutions of the type (1).
Stability. Universal curve as a subvariety of Simpson moduli space
Lemma 3.1. Let C be a plane projective curve of degree d and let p be a point at C. Then the ideal sheaf of a point p at C, i. e., the sheaf I given by the exact sequence
Proof. Since O C does not have zero dimensional torsion, the same is true for its subsheaf I, i. e., I is pure-dimensional. Let E be a proper subsheaf of I. Since E is one-dimensional, its Hilbert polynomial is am + b. If the multiplicity a equals d, then I/E is zero dimensional, hence
, we obtain a curve S ⊆ C of degree s < d such that its ideal sheaf I S ⊆ O C contains E and Q := I S /E is a zero-dimensional sheaf. Hence the Hilbert polynomial of E is
, which is clearly true since d 3.
We proved p E (m) < p I (m) for every proper subsheaf E of I. Therefore, I is stable.
Proposition 3.2. 1) The sheaves with resolution (1) are stable.
2) The corresponding map
is a closed embedding of codimension
Proof. 1) The isomorphism class of every sheaf F with resolution (1) is represented by a plane projective curve C of degree d and a point p at C. One can see that F is a non-trivial extension
and can be obtained as Ext
, where I is the ideal sheaf of a point p at C, i. e., I is given by the exact sequence
Using
This proves the first part of the statement.
2) There is a family of sheaves, flat over X, with Hilbert polynomial dm +
where Ψ| {A}×P 2 = A. Since X ν − → M is a PG-bundle over M, we get locally over M a flat family of sheaves, which induces the required morphism.
Clearly the morphism is injective with a closed image. It remains to show that it is a closed embedding. In other words we need to consider its image equipped with the induced structure and show that the inverse map is a morphism. This can be done using the method from [7, 6.5] . Namely, given a point in M dm+
+1
(P 2 ) represented by a sheaf F with resolution (1), it is enough to construct a point of the universal curve of degree d from the Beilinson spectral sequence converging to F (cf. [11, 3.1.4 . Theorem II, page 245] and also [1] ) by means of algebraic operations.
Since F is a one-dimensional sheaf, the only non-trivial part of the first sheet of the Beilinson spectral sequence E p,q
Analyzing this spectral sequence as in [2, 2.2] and taking into account the stability of F one can conclude that F is a non-trivial extension
where (C, p) ∈ M and the sheaves O C , k p can be computed in terms of cokernels of the maps involved in the Beilinson spectral sequence.
Remark 3.3. Note that the points of M can be seen as isomorphism classes of non-trivial extensions
4. Universal singular locus as the subvariety of singular sheaves Let X ′ be the subvariety of matrices in X defining singular sheaves, i.e., sheaves that are not locally free on their support.
A matrix A ∈ X as in (1) defines a singular sheaf if and only if it vanishes at some point q of P 2 . Since the linear forms z 1 and z 2 are linear independent, this point could only be the common zero point of z 1 and z 2 . If z 1 = a 0 x 0 + a 1 x 1 + a 2 x 2 and z 2 = b 0 . Hence X ′ is given as a closed subvariety in X by the equations
After computing the partial derivatives of f 1 and f 2 and taking into account that the minors d 0 , d 1 , and d 2 do not vanish simultaneously since z 1 and z 2 are always linear independent, we conclude that X ′ is a smooth subvariety of codimension 2 in X.
Lemma 4.1. A point (C, p) from M corresponds to a singular sheaf if and only if p is a singular point of C, i.e., the subvariety M ′ of singular sheaves coincides with the universal singular locus {(C, p) | p ∈ Sing(C)}.
Proof. Let (C, p) be a point in M. Then there is a matrix A = ( z 1 q 1 z 2 q 2 ) ∈ X such that C is the zero set of f = det A and p is the common zero set of z 1 and z 2 .
Suppose (C, p) corresponds to a singular sheaf. Then q 1 (p) = q 2 (p) = 0 and one checks that 
′ , i. e., v is normal to M ′ , we are going to construct a 1-dimensional sheaf on the surface D(p) locally free on its support. We call such sheaves R-bundles. We are going to show that P(
is naturally the space of equivalence classes of R-bundles. We shall use the parameter space X.
Let A ∈ X ′ and B ∈ T A X represent a singular sheaf [F ] = (C, p) ∈ M ′ and a tangent vector at [F ] respectively. Then pulling the morphism
back to the blowing up Z = Bl 0×p (k × P 2 ), factoring out the canonical section of the canonical divisor, and restricting the cokernel to the zero fibre of Z → k we obtain one-dimensional sheaves on D(p) given by locally free resolutions
See [4, Section 4] and [5] for more details. Assume without loss of generality that
We can write A as  
Straightforward calculations using (2) show that the tangent equation at A in this case are (5) ξ 00 = A 10 ξ 0 + A 01 η 0 η 00 = B 10 ξ 0 + B 01 η 0 , where
is a tangent vector at A.
Then one computes
The cokernel of such a matrix is not a locally free sheaf on its support (defined by the determinant of the matrix) if and only if all entries of the matrix vanish at some point. Since by the construction this can only happen on D 1 (p), one sees that this condition is equivalent to ξ 00 = A 10 ξ 0 + A 01 η 0 , η 00 = B 10 ξ 0 + B 01 η 0 .
The latter are just the tangent equations of X ′ at A. So, for every A ∈ X ′ and for every B ∈ T A X \ T A X ′ we obtain a sheaf E = E(A, B) on D(p) locally free on its support. Here p is the common zero of z 1 and z 2 . We will call such sheaves R-bundles.
Lemma 5.1. Every morphism of two sheaves with resolution of the type (3) can be uniquely lifted to a morphism of resolutions.
Proof. Follows from Ext
We are going to prove that the groups 
Since all the cohomology groups of O D 1 (−L) and O L (−1) are zero, using the long exact cohomology sequence we conclude that
and the corresponding long exact cohomology sequence using that Proof. "⇒". Let E 1 = E(A, B 1 ) and E 2 = E(A, B 2 ) be two equivalent R-bundles, then the sheaves E 1 and E 2 possess locally free resolutions of type (3), they are cokernels of Φ 1 = Φ(A, B 1 ) and Φ 2 = Φ(A, B 2 ) respectively.
Equivalence of E 1 and E 2 means that there exists an isomorphism φ :
. By Lemma 5.1 ξ can be uniquely lifted to a morphism of resolutions
Note that from the uniqueness of the lifting it follows that both matrices ( a b c d ) and āb 0d are invertible.
We are going to show now that for some µ ∈ k * the matrix B 2 − µB 1 satisfies the tangent equations (5), i. e., B 2 − µB 1 ∈ T A (X 8 ). So B 1 and B 2 represent the same element in PN A . Let us present here a detailed proof.
One can assume without loss of generality that A is as in (4) . Let For the entry 1.2 this gives the equality
Restricting this to D 1 (p) gives
0 u 0 and hence (9) aA 10 =b 00 +dA 10 , aA 01 =dA 01 , aβA 10 + aγA 01 + aαξ 00 = µ 0b00 +dµ 00 .
For the entry 2.2 this gives the equality
and hence (10) aB 10 =dB 10 , aB 01 =b 00 +dB 01 , aβB 10 + aγB 01 + aαη 00 = ν 0b00 +dν 00 .
From (7) and (8) one obtains β = µ 0 − αξ 0 and γ = ν 0 − αη 0 . Then using (9) we get dµ 00 − aαξ 00 = aβA 10 + aγA 01 − µ 0b00 =
And using (10) we get
This means that B 1 and B 2 define the same point in PN A .
"⇐". Let now B 1 and B 2 be two equivalent normal vectors at A ∈ X ′ . Let Φ 1 = Φ(A, B 1 ) and Φ 2 = Φ(A, B 2 ) be the matrices defining as in (3) the sheaves E 1 and E 2 respectively. Since B 1 and B 2 define the same point in PN A , it follows that
for some α ∈ k * . Let Therefore, there is an isomorphism φ * (E 1 ) ∼ = E 2 , which means that the sheaves E 1 and E 2 are equivalent.
This proposition immediately implies the main statement of this note. 
